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Our topic is an extension of the following classical result of Hall to hypergraphs: A bipartite
graph G contains a perfect matching if and only if for each independent set X of vertices,
at least | X| vertices of G are adjacent to some vertex of X. Berge generalized the concept
of bipartite graphs to hypergraphs by defining a hypergraph G to be balanced if each
odd cycle in G has an edge containing at least three vertices of the cycle. Based on this
concept, Conforti, Cornuéjols, Kapoor, and Vuskovi¢ extended Hall’s result by proving
that a balanced hypergraph G contains a perfect matching if and only if for any disjoint
sets A and B of vertices with |A| > |B|, there is an edge in G containing more vertices in A
than in B (for graphs, the latter condition is equivalent to the latter one in Hall’s result).
Their proof is non-combinatorial and highly based on the theory of linear programming.
In the present paper, we give an elementary combinatorial proof.
Throughout this paper, a hypergraph is a pair G = (V,E) where V(G):=V
is a finite set and E(G) := E is a set of subsets of V. As usual, the
elements of V and E are called vertices and edges respectively. A se-
quence P =wvyg fivy fovs. .. foug of vertices vg,v1,...,vp and edges f1,..., fy with
vi—1,v; € f; for all i € {1,...,¢} is called a path if vg,v1,...,v; are pairwise
distinct. P is called a cycle if £ > 3, if vg,vy,...,v,_1 are pairwise distinct,
and if vy = vg. In both cases, £ is called the length of P and we define
V(P):={vo,v1,...,v¢} and E(P):={f1,..., fe}. Moreover, we call P strong
if f; has only v;—1 and v; in common with V(P) for each i€ {1,...,¢} (par-
ticularly, fi,..., fr are pairwise distinct).

For each M C E, we define V(M) :={x €V; z€ f for some feM}. M
is called a matching if M consists of pairwise disjoint edges. If additionally,
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V(M)=V (i.e. M covers each vertex), then M is called perfect. There are
several extensions of the following classical result of Hall [5] about perfect
matchings in bipartite graphs to hypergraphs (for the graph theoretic ter-
minology, the reader is referred to Bollobas [2]):

Theorem 1. A bipartite graph G has a perfect matching it and only if for
each independent set X of vertices (i.e. no edge of G connects two vertices
of X), at least | X| vertices of G are adjacent to a vertex of X.

With regard to the fact that a graph is bipartite if and only if it contains
no cycle of odd length, Berge [1] defined a hypergraph to be balanced if it does
not contain strong cycles of odd length (note that paths and cycles in graphs
are always strong). Conforti, Cornuéjols, Kapoor, and Vuskovié¢ [3] extended
also the latter condition in Theorem 1 to hypergraphs: A hypergraph G =
(V, E) satisfies the Hall-condition if for all disjoint A, BCV with |A|>|B],
there exists an edge in G containing more vertices in A than in B (it is easy
to see that for graphs, this condition is indeed equivalent to the latter one
in Theorem 1). These two concepts lead to the following generalization of
Theorem 1 which was proved in [3].

Theorem 2. A balanced hypergraph G has a perfect matching if and only
if G satisfies the Hall-condition.

The proof in [3] is non-combinatorial and highly based on the theory of
linear programming. Here we present an elementary combinatorial proof.

To prepare the proof, we continue by providing some technical results
about matchings in arbitrary not necessarily balanced hypergraphs. In the
following, G=(V, E) is always a hypergraph.

(1) Let SCV be nonempty and assume that for each z € S, there exists a
matching M, of G with V\SCV(M,) and x €V (M,). Then (i) or (ii)
hold.

(i) G contains a strong path P = v fiv;...fevp of positive even length
such that V(P)NS={vg,v,}.
(ii) G contains a matching M with V(M)=V\S.

Proof. By the premises of (1), G contains a matching M with V\SCV (M)
such that |V(M)] is as small as possible. We may assume that there exists
some ve€ V(M)NS (otherwise (ii) holds). Construct a directed graph H as
follows: Let Ay : =M\ M, and Ay:=M,\ M and define the vertex-set V(H)
of H to be the disjoint union A; U As. Then for any distinct f,g € V(H),
take an edge fg directed from f towards g and define the edge-set E(H) of
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H to be

{fg; feA,ge Ay, fng#0}
U{fg; feAage A, (fng)\S#D}

Additionally, we define

B = {fEAl; 'I)Ef},
By = {f € Ao; f\ V(M) # 0}

We prove that H contains a directed path from a vertex of Bs to a vertex
of By. Define C to be the set of all vertices f of H such that H contains a
directed path from a vertex of Bs to f and suppose for contradiction that
B1CC:=V(H)\C, Clearly, we have By CC and H does not contain edges
directed from a vertex of C' towards a vertex of C. Define M’ to be the
disjoint union
(A1NC) U (A2NC) U (M N M,).

M’ is a matching of G since M and M, are matchings and since for each
f€A;NC and for each g€ AsNC, we have fg& E(H) and thus fng=»0.

We prove V\SCV(M'). Let z€V\S. Then since V\SCV(M)NV(M,),
there exist f € M and g € M,, with € fNg. We may assume that f € Ay
and g € As since otherwise x € V(M NM,) CV(M'). Thus fg,q9f € E(H)
(since = € (fNg)\S) so that we must have f,g € C or f,g € C. Hence
reV(AINC)UV(ANC)CV (M).

Now by the minimality of |V (M)| and since v€ V (M), there exists some
feM withve for f\V(M)=#0. In the first case, we have f € A; (since
v¢V(M,)) and thus f € By CC, contradicting the definition of M’. In the
latter case, we have f € Ay and thus f € By CC, again a contradiction.

Now we have proved that H contains a directed path @ from a vertex
of By to a vertex of By. Let fi, fo,..., fr be the vertex-sequence of ). Then
since all edges of H are between A; and Ay and since f; € By and fi € By,
we see that k is even, fi,f3,...,fx_1 €Az, and fo, f4,..., fr € A1. Moreover,
there exists some vg € f1\ V(M) and we have vy:=v € fi. Finally, for each
ie{l,....k—1}, fiN fix1 #0 holds (since f;fi+1 € E(H)) and thus we may
choose some v; € f; N fi11 such that v; €S if (f;N fiz1)\ S # 0. Note that
vo & foU faU...U fi (since vg € V(M)) and v & f1U fsU...U fr_1 (since
v €V (M,)) and that both sequences f1, fs,..., fr—1 and fa, fa,..., fr consist
of pairwise disjoint edges. Now we can see that vy fivy fovs...frug is a strong
path in G.

Since v € V(M)NS, we obtain a minimal index £€{1,...,k} with v,€S.
We also have vy € S (since vg € f1 \ V(M) and V' \ S C V(M)) so that



412 ANDREAS HUCK, EBERHARD TRIESCH

P :=uvgfivi...fevg is a strong path in G with V(P)NS = {vg,vs}. Suppose
that ¢ is odd (otherwise we have (i)). Then 0<{<k, f,€ Ag, fri1€ A1, and
fefexr € E(H). Hence (f¢N for1)\S#0 and thus vy & S by the choice of vy,

a contradiction. |

We call another hypergraph G'= (V' E’) a subhypergraph of G if V' CV
and if for each f’ € F’, there exists f € E with f'= fNnV’. f is called an
extension of f’ (note that f’ may have more than one extension in G ).
Moreover, if M’ C E' and if M C E is obtained by extending the edges of
M’ (i.e. we replace each f’ € M’ by an extension of f’), then M is called
an extension of M'. Finally, if P'=wf{v1...fjvs is a path or a cycle in G/,
then by extending f7,..., f;, we obtain a path or a cycle P = v fiv;...fovy
in G respectively. P is called an extension of P’. Note that P’ is strong if
and only if P is strong. Thus subhypergraphs of balanced hypergraphs are
again balanced.

Let X CV. Then a subset M CE is called an X -matching if fNgNX =)
for any distinct f,g € M. If additionally, X C V(M), then M is called a
perfect X -matching. Note that | X|= Z |fNX| in this case.

fem

Let A,BCV. Anedge f € E is called A, B-leftdominating if | fNA| > | fNB].
We call the pair (A4, B) critical it ANB=() and |A|>|B], if there is no A, B-
leftdominating edge in G, and if |AU B| is as small as possible with respect
to these properties. Note that |A|=|B|+1 in this case and that G satisfies
the Hall-condition if and only if G does not contain critical pairs.

(2) Let (A,B) be a critical pair of G, let SC A and T'C B with |S| > |T,
and let C CV\(AUB). Moreover, assume that for each z € .5, there exists
a perfect (AUBUC)\ {z}-matching in G. Then (i) or (ii) hold.
(i) G contains a strong path P = v fiv1... vy of positive even length
such that V(P)CAUBUC, V(P)NS={vg,v}, and V(P)NT =0.
(ii) |S|=|T|+1 and G contains a perfect (AUBUC)\ (SUT)-matching
M with V(M)N(SUT)=0.

Proof. Define
X = (AUuBUQO)\T

and for each €S, let M, be a perfect (AUBUC)\ {z}-matching of G and
My = {fnX; feM,}
Moreover, define

G = (X, |J M)

zeSs
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Then G’ is a subhypergraph of G. Furthermore, for each z € S, since | fNA| <
|fNB| for all fe M, and |A\{z}| =|B|, we can see that = ¢ V(M) and
that |[fNA|=|fNB| for all fe M,. Hence M, is always a matching of G’
with X\ SCV (M) and ¢V (M.). Thus by (1), G’ contains a strong path
P'=wq fiv1...fyue of positive even length with V(P")N.S={vg,v;} or G’ has
a matching M’ with V(M’)=X\S. In the first case, any extension P of P’
in G satisfies (i).

Now assume the latter case. We prove (ii). Clearly, G' contains an ex-
tension M of M’ with M C U M,. Hence M is a perfect X \ S-matching

z€S
and for each f € M, we have |fNA|=|fNB| and f':=fNX €M’ so that

fnS=f'NnS=40. Using all these properties of M, we can conclude that
V(M)NS=0and |[A\S|=|ANV(M)|>|BNV(M)|>|B\T|. Hence since
|A|=|B|+1 and |S|>|T|, we obtain |S|=|T|+1 and |[BNV(M)|=|B\T|.
Thus finally, V(M)NT =0. |

Now we prove Theorem 2. Obviously, each balanced hypergraph with a
perfect matching satisfies the Hall-condition (even the non-balanced ones).
For the converse, suppose for contradiction that G is balanced, satisfies the
Hall-condition, and does not contain a perfect matching. We may assume
that |V|+|E| is minimal with respect to these properties.

(3) For each proper subset X of V', G contains a perfect X-matching.

Proof. Obviously, G':= (X, {fNX; f€E}) is a subhypergraph of G satisfy-
ing the Hall-condition. Hence by the minimality of |V |+|E|, G’ has a perfect
matching M’. Clearly, each extension of M’ in G is a perfect X-matching
of G. |

We define R to be the set of all vertices x of G such that G contains
a matching M with V(M) =V \{z}. Moreover, for each f € E, we define

G—f=V,EN{f})

(4) For each fe€ FE, G— f contains a critical pair (A, B) and for each such
pair, we have the following.
(4.1) |fNA|=|fNnB|+1.
(4.2) fNnA=fNR.
(4.3) [fOA[=[f\A]

Proof. G—f does not satisfy the Hall-condition (otherwise by the minimality
of |V|+|E|, G- f has perfect matching which is also a perfect matching of
G, a contradiction). Hence G — f contains a critical pair. Let (A, B) be any
critical pair of G— f. Then f is the only A, B-leftdominating edge of G.
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To prove (4.1), we first show that for each x € fN A, G— f contains a
perfect (AU B)\ {x}-matching M,. Define

Gy = ((AuB)\{z}, {gn ((AUB)\{x}); g € E\{f}}).

G/, is a subhypergraph of G — f. Moreover, since (A, B) is critical in G — f,
we can see that G/, satisfies the Hall-condition and hence by the minimality
of [V|+|E|, G!, contains a perfect matching M. Each extension M, of M/
in G— f is as required.

To finish the proof of (4.1), suppose that |f N A| > |fNB|+2. Then
by (2) with S:=fNA, T:= fNDB, and C := (), we obtain a strong path
P=wg fivy...fevg of positive even length in G—f such that V(P)Nf={vg,vs}.
But P together with f yields a strong cycle in G of odd length £+ 1, a
contradiction.

To prove (4.2), we first show fNACR. Let x € fNA. Then by (3), G
contains a perfect V' \ {z}-matching M. If x ¢V (M), then M is a matching
in G with V(M) =V \{z} and thus z € R. Suppose for contradiction that
x €V (M). Since G has no perfect matching, = is contained in at least two
edges of M. But now by (4.1) and since |[gNA|<|gNB]| for all ge M \{f},
we obtain |A|+1< Z lgNA|< Z lgNB|<|B|+1=|A|, a contradiction.

geEM geM

To finish the proof of (4.2), suppose that there exists some z € (fNR)\ A.
Take a matching M of G with V/(M)=V\{z}. Then M contains an A, B-
leftdominating edge ¢g. Hence g= f and thus x € V (M), a contradiction.

To prove (4.3), we define

G = (V\f, {geE gnf=0}).

G’ is a subhypergraph of G and does not satisfy the Hall-condition (otherwise
by the minimality of |V |+|E|, G’ contains a perfect matching which together
with f yields a perfect matching of G, a contradiction). Take a critical pair
(A", B’) of G'.

We prove that there exists z € f such that z is contained in every A’, B'-
leftdominating edge g of G. Note that gN f # () for each such g. Hence it
suffices to prove that for any two A’, B'-leftdominating g,h € E, we have
gNfChnfor hnfCgnf. Suppose for contradiction that there exist
some u € (gN f)\h and ve€ (AN f)\g. Then (gNh)\ f =0 since otherwise
we obtain a strong cycle of length three in G containing w,v and f,g,h, a
contradiction. Hence [(gUh)NA’| > |(gUh)N B’|+ 2. Now similarly to the
proof of (4.1), we obtain a perfect (A’UB’)\ {z}-matching in G’ for each
x € (gUh)NA’ so that by (2) with S:=(gUh)NA', T:=(gUh)NB’, and
C:=0, there exists a strong path P =wvqfiv;...frvy of positive even length
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in G’ with (gUh)NV (P)={vo,vs}. Depending on the positions of vy and vy,
P together with g, with h, or with u,v and f,g,h yields a strong cycle in G
of odd length £+1 or £+ 3, a contradiction.

To finish the proof of (4.3), take a vertex z € f as described above and
suppose that |fNA| <|f\ A|. Then since |fNA|>|fNB|, we obtain some
z e f\(AUBU{z}). By (3), G contains a perfect V \ {z}-matching M.
Since * ¢ AUBUA"UB’, M has an A, B-leftdominating edge g and an
A’ B'-leftdominating edge h. We have g=f (recall that f is the only A, B-
leftdominating edge in G), g#h (since h contains vertices in A’ contrary to
f), and z€h. Thus ze gnhN(V\{z}), a contradiction. |

Note that V' #0 (since G has no perfect matching) and that each x €V is
contained in some f € E (to see this, apply the Hall-condition to {z} and 0).
Hence E#() and thus by (4.1) and (4.2), R#(. Now by taking some z € R
and by applying (4.2) and (4.3) to the edges of a matching M of G with
V(M) =V \{z}, we see that |R| > |V \ R|. Hence by the Hall-condition, G
contains an R, V'\ R-leftdominating edge f. By (4.1), (4.2) and (4.3), we can
see that f C AUB for some arbitrary critical pair (A, B) of G— f. Moreover,
for each x € fNA, there exists a matching M, of G with V (M, )=V\{z}. Note
that we always have f ¢& M, so that M, is also a perfect V' \ {x}-matching
of G— f. Now by (2) with S:=fNA, T:=fNB, and C:=V\(AUB), we
obtain a strong path P=uwqfiv1...fsve of positive even length in G — f with
V(P)Nf={vg,ve} or there exists a matching M of G— f with V(M)=V\f.
In the first case, P together with f yields a strong cycle in G of odd length
¢+1, a contradiction. In the latter case, MU{f} is a perfect matching of G,
again a contradiction. — Now we have finished the proof of Theorem 2.

Remarks.

(i) Note that (1) and (2) are valid even if G is not balanced. They could
perhaps be used to extend Theorem 2 to a larger class of hypergraphs.

(ii) It seems natural to look for a “deficiency-version” of Theorem 2. Note
that if G’ contains a matching covering all but at most d of the vertices,
then for any disjoint subsets A, BCV with |A| > |BJ+d, there is an (A, B)-
leftdominating edge in G. If GG is a bipartite graph, then the maximum
value d for which G satisfies the latter condition equals the minimum
cardinality of V\ V(M) where M is a matching of G (see Ore [6]). How-
ever, this is not true in general for balanced hypergraphs as can be seen
by the following trivial example: Define

Vi:={1,2,....2n+ 1} (n>2),
f=412,...,n+1},
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g={n+1,n+2...2n+1},
G:=(V.{f.g})

It is easy to check that for any disjoint A, BCV with |A|>|B|+1, G has
an A, B-leftdominating edge and that each matching of G leaves at least
n vertices uncovered.

The duality theory in Fulkerson, Hoffman and Oppenheim [4] yields the
following: It is possible to cover all but at most d vertices by a matching if
and only if each function w from V' to {0,1,2,...} with =, ¢ fw(v) >|f| for
each edge f € FE has total weight at least |V|—d, i.e., >, oy w(v) >|V]—d.

(iii) It is a challenging task to find a combinatorial matching algorithm for

balanced hypergraphs.
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